The authors nd necessary and su cient conditions for GDT weighted Marcinkiewicz inequalities based at Stieltjes zeros.
Introduction
If P is an arbitrary polynomial of degree m ? 1 and u is a weight function in ?1; 1]; then the following identity is well-known: The above identity is generally false if we replace 2 by an arbitrary p 2 (0; +1): Thus, we can investigate on the validity of the inequality Very little is known in literature when the points y k ; k = 1; : : : ; m; are not zeros of orthogonal polynomials.
In this paper we will assume that the knots y k ; k = 1; : : : ; m; are the zeros of the m?th Stieltjes polynomial E m (x) associated with an ultraspherical weight function w (x) = (1 ? x 2 ) ? 1 2 ; 2 (0; 1):
We recall that fE m (x)g m is not a standard sequence of orthogonal polynomials (see section 1.2) and that the previous results in 8] cannot help us. However, in this paper we will nd necessary and su cient conditions for the validity of (1) when u is a generalized Ditzian-Totik weight function and y k ; k = 1; : : : ; m+1; are zeros of E m+1 (x): An analogous theorem is proved if y k ; k = 1; : : : ; 2m+1;
are zeros of P m E m+1 ; where P m is the m?th ultraspherical polynomial. In the proof of these theorems, Lemmas 2 and 3 (new bounds for E m+1 and P m E m+1 ) are crucial and can be used in several contexts. For the sake of brevity, we cannot establish here new results on the corresponding Lagrange interpolation. We will consider this topic elsewhere.
Generalised Ditzian-Totik weights
We consider the socalled Generalised Ditzian-Totik (GDT ) weights of the form
where ? k 2 IR, ?1 = t 0 < t 1 < < t M?1 < t M = 1, k = 1 2 if k 2 f0; Mg and k = 1 otherwise. The function! k is either equal to 1 or is a concave modulus of continuity of the rst order, i.e.! k is semi-additive, nonnegative, continuous and nondecreasing on 0; 1],! k (0) = 0 and 2! k where C 6 = C(m).
Stieltjes polynomials
In the sequel, C will denote a generic constant independent of the variables in the context. 
proved in 4, Th. for the cos arguments of the zeros 1;m+1 < < m+1;m+1 of E m+1 , respectively y 1;2m+1 < < y 2m+1;2m+1 of K 2m+1 = P m E m+1 , i.e. k;m+1 = cos k;m+1 , y k;2m+1 = cos k;2m+1 . The above asymptotic statements hold uniformly for all k.
The following results about Stieltjes polynomials are new and of their own interest. They are, in addition to the above properties, the key to the proofs of the main results (Theorems 2 and 3 below). where C is independent of m and P.
Remark. The statement is slightly di erent from 8, Th.2.6] (with respect to the endpoints), but the proof can be carried over completely.
The following theorems are the main results of this paper.
Theorem 2 Let 2 (0; 1), 1 < p < 1, u 2 GDT, u 2 L p . The following assertions are equivalent.
(1) For all p 2 IP m ,
where C is independent of m and P: (2) 
(1 + ap) 1=p :
Since U 2 GDT, for all " > 0w whereC is independent of " and n. Therefore, the condition (16) is su cient for the inequality (15).
We now show the necessity of (16). We rst estimate the fundamental Lagrange polynomials, using (8) where the second inequality comes from an application of (15) i.e., there exists a constant D, independent of , such that log t 1 + 1 2 D for all 0 < < t 1 + 1 4 ;
which is a contradiction. Hence, (16) must be valid. 2 Proof of Theorem 3 We obtain the su ciency of (18) 
x ? y k;2m+1 dx = 2m+1 X k=1 P(y k;2m+1 ) (y k;2m+1 ) K 2m+1 0 (y k;2m+1 ) ;
where K 2m+1 = P m E m+1 , and
with Q being a yet unspeci ed positive polynomial of degree m, is a polynomial of degree 3m. Using (9), we estimate C w u p 0 ; and the last inequality follows from Theorem 1, (11) and (14) . From Lemma 2 we obtain w u p 0 C w u L p 0 (Am) = C w u 8 < : 
We use again (7) and choose Q = Q in inequality (20). We observe that the assumptions of Lemma 1 are satis ed with U = w u , and hence
Therefore, the conditions (18) are su cient for the inequality (17).
We now show the necessity of (18 where the second inequality comes from an application of (17) and (14) . 
